
Local Distance Functions:
Some Thoughts and Experiments

Deva Ramanan
UC Irvine

Monday, November 14, 2011



Joint with Simon Baker, PAMI 2011

SUBMITTED TO THE IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE 1

Local Distance Functions: A Taxonomy,
New Algorithms, and an Evaluation
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Abstract—
We present a taxonomy for local distance functions where

most existing algorithms can be regarded as approximations of

the geodesic distance defined by a metric tensor. We categorize

existing algorithms by how, where, and when they estimate the

metric tensor. We also extend the taxonomy along each axis.

How: We introduce hybrid algorithms that use a combination

of techniques to ameliorate over-fitting. Where: We present an

exact polynomial time algorithm to integrate the metric tensor

along the lines between the test and training points under the

assumption that the metric tensor is piecewise constant. When:

We propose an interpolation algorithm where the metric tensor

is sampled at a number of references points during the offline

phase. The reference points are then interpolated during the

online classification phase. We also present a comprehensive

evaluation on tasks in face recognition, object recognition, and

digit recognition.

Index Terms— Nearest Neighbor Classification, Metric Learn-

ing, Metric Tensor, Local Distance Functions, Taxonomy,

Database, Evaluation

I. INTRODUCTION

The K-nearest neighbor (K-NN) algorithm is a simple but
effective tool for classification. It is well suited for multi-class
problems with large amounts of training data, which are relatively
common in computer vision. Despite its simplicity, K-NN and its
variants are competitive with the state-of-the-art on various vision
benchmarks [6], [23], [43].

A key component in K-NN is the choice of the distance
function or metric. The distance function captures the type
of invariances used for measuring similarity between pairs of
examples. The simplest approach is to use a Euclidean distance or
a Mahalanobis distance [14]. Recently, a number of approaches
have tried to learn a distance function from training data [5], [15],
[23], [24], [38]. Another approach is to define a distance function
analytically based on high level reasoning about invariances in the
data. An example is the tangent distance [37].

The optimal distance function for 1-NN is the probability that
the pair of examples belong to different classes [28]. The resulting
function can be quite complex, and generally can be expected
to vary across the space of examples. For those motivated by
psychophysical studies, there is also evidence that humans define
categorical boundaries in terms of local relationships between
exemplars [34]. The last few years have seen an increased interest
in such local distance functions for nearest neighbor classification
[12], [13], [30], [43], though similar ideas were explored earlier
in the context of local discriminant analysis [10], [19] and
locally weighted learning [3], [35]. Recent approaches have also
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leveraged local metrics for Gaussian process regression [39] and
multiple kernel learning [16].

Our first contribution is to present a taxonomy for local distance
functions. In particular, we show how most existing algorithms
can be regarded as approximations of the geodesic distance
defined by a metric tensor. We categorize existing algorithms
in terms of how, where, and when they estimate the metric
tensor. See Table I for a summary. In terms of how, most existing
algorithms obtain a metric either by dimensionality reduction such
as principle components analysis (PCA) or linear discriminant
analysis (LDA) [14], or by explicit metric-learning [5], [15], [24].
In terms of where, existing algorithms sample the metric tensor:
(a) for the whole space (“global”), (b) for each class (“per-class”)
[24], (c) at the training points (“per-exemplar”) [12], [13], or (d) at
the test point [3], [19]. In terms of when, existing algorithms
either estimate the metric tensor: (a) offline during training or
(b) online during classification.

Our second contribution is to extend the taxonomy along each
dimension. In terms of how, we introduce hybrid algorithms that
use a combination of dimensionality reduction and metric learning
to ameliorate over-fitting. In terms of where, we consider algo-
rithms to integrate the metric tensor along the line between the test
point and the training point. We present an exact polynomial time
algorithm to compute the integral under the assumption that the
metric tensor is piecewise constant. In terms of when, we consider
a combined online-offline algorithm. In the offline training phase,
a representation of the metric tensor is estimated by sampling it
at a number of reference points. In the online phase, the metric
tensor is estimated by interpolating the samples at the reference
points.

Our third contribution is to present a comprehensive evaluation
of the algorithms in our framework, both prior and new. We show
results on a diverse set of problems, including face recognition
using MultiPIE [18], object recognition using Caltech 101 [11],
and digit recognition using MNIST [27]. To spur further progress
in this area and allow other researchers to compare their results
with ours, we will make the raw feature vectors, class membership
data, and training-test partitions of the data available on a website
with the goal of defining a standard benchmark1.

II. TAXONOMY AND ALGORITHMS

We now present our framework for local distance functions.
We begin in Section II-A by describing the scenario and class
of functions that we consider. We introduce the metric tensor
and explain how it defines the geodesic distance. In Section II-B
we describe how the core distance functions can be learnt using
either dimensionality reduction or metric learning and extend
the framework to include hybrid algorithms. In Section II-C we

1Available at http://www.ics.uci.edu/˜dramanan/
localdist/
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Indexing a large set of examples

within-class between-class
activation textures of objects spatial cueing

inhibition NMS mutual exclusion

global expected counts co-occurrence

Table 1. A taxonomy of interactions captured in our model.

Within a single object class, our model can favor typical spa-

tial layouts of objects (people often stand in crowds) while di-

rectly learning how to inhibit overlapping detections in such cases

(NMS). Our model also captures long-range interactions between

objects, such as the constraint that there exists at most one object

instance (counting). Analogous interactions exist between object

classes, including typical spatial relations between objects (bottles

sit on tables), mutual exclusion (dog and cat detectors should not

respond to the same image region), and co-occurrence (couches

and cars do not commonly co-occur).

other (Fig.2). In general, spatial object-object interactions

may be arbitrarily complex and depend on latent informa-

tion which is not readily available from single image. As an

extreme example, studies of proxemics [11], the body spac-

ing and pose of people as they interact, shows that physical

spacing between people depends in complicated ways on

their “social distance”. While such complex interactions are

difficult to encode, we argue there does exist useful infor-

mation that is being ignored by current ad-hoc approaches

to NMS.

NMS is generally described in terms of intra-class in-

hibition, but can be generalized to suppression of overlap-

ping detections between different classes. We refer to this

more general constraint, that two objects cannot occupy the

same 3D volume at the same time, as mutual exclusion. As

seen in a 2D image projection, the exact nature of this con-

straint depends on the object classes. Fig.2(right) shows

an example of ground-truth labelings in the PASCAL VOC

dataset in which strict mutual-exclusion would produce sub-

optimal performance.

Object detections can also serve to enhance rather than

inhibit other detections within a scene. This has been an

area of active research in object recognition over the last

few years [22, 18, 10, 12, 13, 4, 15]. For example, different

object classes may be likely to co-occur in a particular spa-

tial layout. People ride on bikes, bottles rest on tables, and

so on. In contextual cueing, a confident detection of one

object (a bike) provides evidence that increases the likeli-

hood of detecting another object (a person above the bike)

[4, 10, 15]. Contextual cueing can also occur within an ob-

ject category, e.g., a crowd of pedestrians reinforcing each

other’s detection responses. An extreme example of this

phenomena is near-regular texture in which the spatial lo-

cations of nearly identical elements provides a strong prior

on the expected locations of additional elements, lowering

their detection threshold [17].

In Table 1 we outline a simplified taxonomy of different

types of object-object interactions, both positive and nega-

Non!Maxima Suppression Mutual Exclusion

Figure 2. Our novel contributions include the ability to learn in-

hibitory intra-class constraints (NMS) and inhibitory inter-class

constraints (Mutual Exclusion) in a single unified model along

with contextual cuing and spatial co-occurrence. Naive methods

for NMS or mutual exclusion may fail for objects that tend to

overlap themselves (left) and other objects (right). In contrast,

our framework learns how best to enforce such constraints from

training data. We formulate the tasks of NMS and Mutual Exclu-

sion using the language of structured prediction. This allows us

to compute an optimal model by minimizing a convex objective

function.

tive, within and between classes. The contribution of this

paper is a single model that incorporates all interactions

from Table 1 through the framework of structured predic-

tion. Rather than returning a binary label for a each image

window, our model simultaneously predicts a set of detec-

tions for multiple objects from multiple classes over the en-

tire image. Given training images with ground-truth object

locations, we show how to formulate parameter estimation

as a convex max-margin learning problem. We employ the

cutting plane algorithm of [14] to efficiently learn globally

optimal parameters from thousands of training images.

In the sections that follow we formulate the structured

output model in detail, describe how to perform inference

and learning, and detail the optimization procedures used

to efficiently learn parameters. We show state-of-the-art re-

sults on the PASCAL 2007 VOC benchmark[7], indicating

the benefits of learning a global model that encapsulates the

layout statistics of multiple objects classes in real images.

We conclude with a discussion of related work and future

directions.

2. Model
We describe a model for capturing interactions across

a family of object detectors. To do so, we will explicitly

represent an image as a collection of overlapping windows

at various scales. The location of the ith window is given

by its center and scale, written as li = (x, y, s). The col-

lection of M windows are precisely the regions scored by

a scanning-window detector. Write xi for the features ex-

tracted from window i, for example, a histogram of gradient

features [6]. The entire image can then be represented as the

collection of feature vectors X = {xi : i = 1 . . . M}
Assume we have K object models. We write yi ∈

{0 . . . K} for the label of the ith window, where the 0 la-
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Fig. 1. Detections obtained with a single component person model. The model is defined by a coarse root filter (a), several

higher resolution part filters (b) and a spatial model for the location of each part relative to the root (c). The filters specify

weights for histogram of oriented gradients features. Their visualization show the positive weights at different orientations. The

visualization of the spatial models reflects the “cost” of placing the center of a part at different locations relative to the root.

To train models using partially labeled data we use a latent variable formulation of MI-SVM

[3] that we call latent SVM (LSVM). In a latent SVM each example x is scored by a function

of the following form,

fβ(x) = max
z∈Z(x)

β · Φ(x, z). (1)

Here β is a vector of model parameters, z are latent values, and Φ(x, z) is a feature vector.

In the case of one of our star models β is the concatenation of the root filter, the part filters,

and deformation cost weights, z is a specification of the object configuration, and Φ(x, z) is a

concatenation of subwindows from a feature pyramid and part deformation features.

We note that (1) can handle very general forms of latent information. For example, z could

specify a derivation under a rich visual grammar.

Our second class of models represents each object category by a mixture of star models.

The score of one of our mixture models at a given position and scale is the maximum over

components, of the score of that component model at the given location. In this case the latent

information, z, specifies a component label and a configuration for that component. Figure 2

shows a mixture model for the bicycle category.

To obtain high performance using discriminative training it is often important to use large

training sets. In the case of object detection the training problem is highly unbalanced because

there is vastly more background than objects. This motivates a process of searching through

the background to find a relatively small number of potential false positives. A methodology of
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Metric learning
Warp space to emphasize particular directions

Golberger et al. NIPS 05
Torresani & Lee NIPS 07
Kumar et al. ICCV 07
Bar-Hillel et al. JMLR 05
Weinberger et al. JMLR 09

Neighborhood Component Analysis (NCA)
Relevant Component Analysis (RCA)

Large Margin Nearest Neighbors (LMNN)

Past work:
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Local distance functions

Use a separate metric for each training example
“Per-exemplar” metrics
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Family resemblences

Chapter 3. Learning To Compare

Keifer and Donald Sutherland

Charlie Sheen, Martin Sheen, and Emilio Estevez

Alec, Billy, Daniel, and William Baldwin

Figure 3.2: A literal example of Wittgenstein’s family resemblances. While the family
members look similar to one another, there are plenty of ways in which they also look
different. Furthermore, where there are three or more members, there are features that
some share but not others. Take for example Charlie Sheen, Emelio Estevez, and their
father Martin Sheen. All three could be said to share the same mouth, but Charlie and
Martin share the same eyes and brow line, where as Emelio does not. Charlie’s and
Emelio’s noses are very similar and appear different than their father’s. It is still clear,
however, that they are all related. This serves as a useful analogy for the internal structure
of categories.

65

Andrea Frome’s Thesis, 07 
“Learning Local Distance Functions for Exemplar Based Object Recognition”

“Categorization of natural objects”
Mervis and Bosch

Annual Review of Psychology 1981
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“Caricature”-exemplars

Single Training Image ML Model CL Model

Figure 2. Given a single labeled example (left), the ML pose is

just the labeled pose (center). The variance estimates are a user-

defined deformation parameter. This is equivalent to building a

deformable horse exemplar from a single image. If we use the

exemplar to re-estimate the pose in the image, the legs are con-

fused with each other because they are nearby and look similar. By

training a pose that maximizes Pr(L|Im, !), we learn an exem-

plar with legs that are spread apart (right). Using this caricature

produces better results on image from which it was built.

5. Articulated Models

In this section, we outline the additions needed to learn
articulated people models. We model each body part as an
oriented rectangle of fixed size. We find people at multiple
scales by searching over an image pyramid. We parame-
terize each oriented rectangle by li = [xi, yi, ui, vi] where
xi, yi is the location of the top endpoint, and (ui, vi) is unit
vector that points down into the body. We update our shape
model (Eq. 2) to:

Pr(li|lj) = N(tj(li);µi,!i), (21)

where tj = represents the relative part location li with re-
spect to the oriented coordinate system of part j. The gaus-
sian distribution on unit vectors is known as a Von Mises
distribution [26]. We assume ! is a block diagonal matrix
consisting of !xy and !uv . Recall we initialize our gradient
descent procedure with "ML. The ML estimate of µuv is
the renormalized mean of a set of given unit vectors. For
a Von Mises distribution !uv is a spherical gaussian with
variance 1

2! . The ML estimate for ! is also readily com-
puted from labeled training data [26]. The gradient steps
for µuv

i and !i are as follows:

dL
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i

= !i{
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After updating µuv
i by a gradient step, we re-normalize

it to unit length. Intuitively, Eq.23 does not contain any
squared terms because the squared difference between two
unit vectors simplifies to their dot product [26]. We apply
the same techniques from Sec.4.1 by using 3D convolutions
to compute the expectations in sub-quadratic time.

Learning from one example: Consider the task of
learning deformable models from a single example. This

+1 0!1 0 +1!1+2!1 !1 +

bar

=

left edge right edge

Figure 3. We define the image feature Im(li) for an articulated

part as the response of an oriented bar detector. A standard bar

template can be written as the summation of a left and right edge

template. The resulting detector suffers from many false positives,

since either a strong left or right edge will trigger a detection. A

better strategy is to require both edges to be strong; such a response

can be created by computing the minimum of the edge responses

as opposed to the summation.

situation is encountered in exemplar-based approaches for
recognition. Such approaches seem to be highly successful
for object recognition [2]. One can view exemplars as ML
estimates fit to one example. The estimated mean is just
the sample itself, while the variance is a user-defined de-
formation parameter. Using the exemplar to re-estimate the
pose in the training image might fail if there are ambiguous
parts or clutter (Fig 2). Intuitively, a good exemplar should
re-estimate the pose it was constructed from. To do this,
we might need a caricature of the original pose that accen-
tuates discriminative characteristics. Fitting a pose to the
conditional likelihood precisely accomplishes this.

6. Appearance descriptor Im(li)

We use two different appearance models in our experi-
mental results; one for 2D models and one for articulated
models.

To facilitate comparison of our 2D models with [6], we
use an implementation of their part model. Here, a part is
represented by 50" 50 pixel patch. To compute Im(li), we
first compute oriented canny edges and separate the result
into 4 orientation planes. We dilate each plane with a mask
with a 2.5 pixel radius. To reduce the size of the descriptor,
we bin each dilated image into an 11"11 grid using soft bin-
ning. The final descriptor is 11"11"4 = 484 dimensional.
This implies that our appearance weights wi are also 484
dimensional. Typically, one might expect over-fitting when
training such a high dimensional model. We appear to avoid
this problem because of the exhaustive search described in
Sec 4.1. We use the training set in [8] which contains 400
images; this means we train wi with more than 10 million

image patches.

For our articulated model, we set Im(li) to be a scalar
representing the response of a bar detector. One might
construct a bar filter using a Haar-like template of a light
bar flanked by a dark background (Fig. 3). To ensure a
zero DC response, one would weight values in white by
2 and values in black by -1. We observe that a bar tem-
plate can be decomposed into a left and right edge template
fbar = fleft + fright. Denoting an entire image with Im

Spatially-weight and geometrically warp each exemplar such that it is easier to recognize

Ramanan & Sminchisescu, CVPR 06

Can be formulated as discriminative learning of a deformable part model given single training image
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Growing literature on 
local distance functions

(c.f. previous talk )

Hastie and Tibshirani PAMI 96
Atkeson, Moore, & Schaal AI 97

Domeniconi, Peng, & Gunopolus PAMI 02
Zhang, Berg, Maire, & Malik CVPR 06

Frome, Singer, & Malik NIPS 07
Frome, Singer, Sha, & Malik ICCV 07

Davis et al ICML 07
Gonen & Alpaydin ICML 08

Malisiewicz & Efros CVPR 08
Urtasun & Darrell CVPR 08

Babenko, Branson, & Belongie ICCV 09
Malisiewicz & Efros ICCV11

Inspiration for our work:
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Goals for this talk

1. How do different approaches relate to one another?

2. How do they perform on benchmark vision datasets?
 

Along the way, we’ll develop some new algorithms and test them as well
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Caveats
We assume data is embedded in finite dimensional vector space

Exceptions: 
Gaussian kernels

Examples:
pyramid match kernels (Grauman & Darrell JLMR 07) 

intersection kernels (Maji & Berg ICCV 09)
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Approximate correspondence

pyramid match kernels (Grauman & Darrell JLMR 07) 
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Class-based distance functions

1) For each feature in image, find closest matching feature from database of class ‘i’
2) x[i] = average distance of features from image to class ‘i’
3) Train linear 1-vs-all SVM

Naive-Bayes Nearest Neighbors (NBNN)

Classeme features (Torresani et al ECCV 2010)

(Boiman et al CVPR 08)
(Tuytelaars et al ICCV11)

1) Train 1 vs all classifier for base class i
2) x[i] = score of classifier for base class i
3) Train linear (intersection kernel) 1 vs all SVM
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Metric representation

x ∈ RK

xi ∈ RK

M ∈ RK×K

x,xi ∈ RK M ∈ RK×K

DistM(x,xi) = (y − x)T M(y − x)

x,y ∈ RK M ∈ RK×K

Dist(x,y) = (y − x)T M(y − x)

MT (x) ∈ RK×K

V ∈ Rd×K

M = V T V

L(M) =
�

i,j∈Target

DistM(xi,xj) + C
�

{ijk}∈Imp

h(DistM(xi,xk)−DistM(xi,xj))

1

x ∈ RN

xi ∈ RN

M ∈ RN×N

x,xi ∈ RN M ∈ RN×N

DistM(x,xi) = (y − x)T M(y − x)

x,y ∈ RN M ∈ RN×N

Dist(x,y) = (y − x)T M(y − x)

MT (x) ∈ RN×N

V ∈ RN×k

M = V V T

L(M) =
�

i,j∈Target

DistM(xi,xj) + C
�

{ijk}∈Imp

h(DistM(xi,xk)−DistM(xi,xj))

1
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Learning a Metric: 
Large Margin Nearest Neighbors (LMNN)

Weinberger & Saul JMLR 09

State-of-the-art metric learning algorithm

Given training data {xi,yi}, find M that minimizes a 
“NN-loss” on that data

Code available online

2) Requires solving a semi-definite program (SDP)
3) Tends to require lots of training data to avoid over-fitting

1) Discriminative
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Learning a metric: LDA

Let V be the k-dimensional basis 
returned by (regularized) LDA

x ∈ RN

xi ∈ RN

M ∈ RN×N

x,xi ∈ RN M ∈ RN×N

DistM(x,xi) = (y − x)T M(y − x)

x,y ∈ RN M ∈ RN×N

Dist(x,y) = (y − x)T M(y − x)

MT (x) ∈ RN×N

V ∈ RN×k

M = V V T

L(M) =
�

i,j∈Target

DistM(xi,xj) + C
�

{ijk}∈Imp

h(DistM(xi,xk)−DistM(xi,xj))

1

x ∈ RN

xi ∈ RN

M ∈ RN×N

x,xi ∈ RN M ∈ RN×N

DistM(x,xi) = (y − x)T M(y − x)

x,y ∈ RN M ∈ RN×N

Dist(x,y) = (y − x)T M(y − x)

MT (x) ∈ RN×N

V ∈ RN×k

M = V V T

L(M) =
�

i,j∈Target

DistM(xi,xj) + C
�

{ijk}∈Imp

h(DistM(xi,xk)−DistM(xi,xj))

1

1) Generative
2) Requires solving an eigenvalue problem (relatively fast)
3) Straightforward to regularize (add diagonal to within-class covariance matrix)
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How do we learn local metrics?

Use a subset of the training data!
e.g.

1)  Look at all points from a particular class and their 
immediate neighbors

2)  Look at immediate neighbors of a point
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.    .    .    .    .    .

.    .    .    .    .    .

.    .    .    .    .    .

.    .    .    .    .    .

Mathematical framework I: metric tensor 

Metric varies over RN

x ∈ RN

xi ∈ RN

M ∈ RN×N

x,xi ∈ RN M ∈ RN×N

DistM(x,xi) = (y − x)T M(y − x)

x,y ∈ RN M ∈ RN×N

Dist(x,y) = (y − x)T M(y − x)

MT (x) ∈ RN×N

V ∈ RN×k

M = V V T

L(M) =
�

i,j∈Target

DistM(xi,xj) + C
�

{ijk}∈Imp

h(DistM(xi,xk)−DistM(xi,xj))

1
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�

i,j∈Target

DistM(xi,xj) + C
�

{ijk}∈Imp

h(DistM(xi,xk)−DistM(xi,xj))

1
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Mathematical framework II: geodesic distances

.    .    .    .    .    .

.    .    .    .    .    .

.    .    .    .    .    .

.    .    .    .    .    .

Test point

Training point

1. The length of curve c = integral of MT(x) along c 
2. Dist(x,y) = minimum length curve from x to y
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Approximations

1. Geodesic distances cannot be efficiently computed for large dim.

2. We will present a taxonomy of local distance functions in 
terms of when, where, and how they approximate MT(x)

.    .    .    .    .    .

.    .    .    .    .    .

.    .    .    .    .    .

.    .    .    .    .    .

Toivanen 96
Yatsiz et al. 06
Criminisi et al. ECCV 08

Use distance transform for small dimensions:
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Benchmark data

Caltech 101 (9K images, 101 classes)
spatial pyramid features

Gross et al. FG08

Lecun & Cortes

MNIST (70K images, 10 classes)
normalized pixel features

Multi-PIE (700K images, 300 classes) 
eigenface features

Fei Fei et al. GMBV04,
Lazebnik et al. CVPR06
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Reporting results

We’ll give a taste of the results here

http://www.ics.uci.edu/~dramanan/localdist/index.html
(includes computed features for download)
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Where
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Test point

Per!class metrics
metrics

Per!exemplar

Class2

Class3

metricGlobal

Class1

Fig. 2. An illustration of the “where” dimension of our taxonomy. Besides using a single global metric, a separate

metric can be used for each class (“per-class”) or for each training example (“per-exemplar”). In this figure and in

Section II-C we restrict attention to algorithms that can be applied before the test point is known. In Section II-D.2

we consider algorithms that estimate the metric tensor at the test point and in Section II-E we described an algorithm

that integrates the metric tensor along the lines between the test point and the training points.

between the points which simplifies to:

DistGlobal(x,xi) = (xi − x)TMGlobal(xi − x). (7)

2) For Each Class: Per-Class: Another alternative is to approximate the metric tensor with

a constant metric for each class, commonly referred to as a Per-Class metric [20]:

MT (xi) = M j
Per−Class where j = Class(x)i. (8)

In particular, there is a different metric M j
PerClass for each class j. One simple approach to learn

M j
PerClass is to optimize the weighted score from (5) or (6) where wi = 1 for {i : yi = j} and 0

otherwise. When computing the distance from a test point x to a training point xi we assume

the metric tensor is constant along all paths from x to xi:

DistPC(x,xi) = (xi − x)TMClass(xi)
Per−Class(xi − x). (9)

Generally speaking, metrics learned for each class may not be comparable, since they are trained

independently. We make LDA metrics comparable by normalizing each to have a unit trace. In

all our experiments, we learn a rank d = 20 class-specific LDA metric. To normalize the LMNN

September 22, 2009 DRAFT

Per-class (PC): Use class-specific metric when
                         computing distance to training example

Per-exemplar (PE): Use example-specific metric when     
 computing distance to training example

x ∈ RN

xi ∈ RN

M ∈ RN×N

x,xi ∈ RN M ∈ RN×N

DistM(x,y) = (y − x)T M(y − x)

x,y ∈ RN M ∈ RN×N

Dist(x,y) = (y − x)T M(y − x)

MT (x) ∈ RN×N

V ∈ RN×k

M = V V T

L(M) =
�

i,j∈Target

DistM(xi,xj) + C
�

{ijk}∈Imp

h(DistM(xi,xk)−DistM(xi,xj))

1

Weinberger & Saul. JMLR 09 Frome, Singer, & Malik NIPS 07
Frome et al. ICCV 07
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Where

Conclusion: Per Exemplar (PE) does not always perform better then Per Class (PC)

Hypothesis: Multiple metrics can over-fit and require normalization

Joint training of metrics is hard: Frome et al ICCV 07, Weinberger & Saul JMLR 09

Global PC PE
50

55

60

65

70
MultiPIE

Global PC PE
40

45

50

55

60
Caltech

Global PC PE
90

92

94

96

98

100
MNIST

Monday, November 14, 2011



Taxonomy

Where
Global

Per-Class
Per-Exemplar

Lazy
Line

When
Offline
Online
Interp

How
LDA

LMNN
Hybrid

Develop 
taxonomy

Introduce
algorithm

Benchmark 
evaluation

Monday, November 14, 2011



  Build initial short list of neighbors using global metric

Atkeson et al. 97
Hastie & Tibshirani PAMI 96
Shaknarovich et al. ICCV 03 
Zhang et al. CVPR06 

Lazy learning: 
Estimate metric at test point

Global
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1.Build initial short list of neighbors using global metric
2.Learn local metric from neighbors
3.Re-rank neighbors using local metric

Atkeson et al. 97
Hastie & Tibshirani PAMI 96
Shaknarovich et al. ICCV 03 
Zhang et al. CVPR06 

Lazy learning: 
Estimate metric at test point
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Lazy learning

Conclusion: Lazy-learning consistently performs well
Hypothesis: We avoid over-fitting + normalization issues 

by estimating metric at test point

Global PC PE Lazy
50

55

60

65

70
MultiPIE

Global PC PE Lazy
40

45

50

55

60

65

70
Caltech

Global PC PE Lazy
90

92

94

96

98

100
MNIST
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Why does ‘Lazy’ work well?SUBMITTED TO THE IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE 23

1!NN

Lazy

50!NN

NN

Test

Fig. 10. Why does Lazy local metric-learning work well? We consider an example from the MultiPIE database. We show a

test image and its 50-NN, ordered by distance, under a global LDA metric. The 50-NN tend to have the same expression and

pose as the test point. However, the 1-NN happens to be incorrectly labeled. A local metric computed from these 50-NN will

be tailored to this specific expression and pose. This is in contrast to both a global and class-specific metric which must attempt

to be invariant to these factors. This makes the Lazy local metric better suited for disambiguating classes near this test point.

We show the correctly classified NN using the Lazy metric in the bottom left.

LDA Metric Hybrid
50

55

60

65

70
Caltech

LDA Metric Hybrid
90

92

94

96

98

100
MNIST

LDA Metric Hybrid
60

65

70

75

80
MultiPIE

Fig. 11. Results across the “how” dimension of our taxonomy for the Lazy algorithm. Lazy requires two metrics - one to

produce an initial short list of neighbors, and a second used to rerank the candidates in the short list. We show that a hybrid

approach which uses LMNN for the first stage and LDA for the second works the best. We hypothesize that this is the case

because discriminative metric-learning suffers less from overfitting in the global regime, where plenty of data is available. LDA

performs better when learning metrics from a smaller set of local data because LDA is easier to regularize and enjoys some

resistance to overfitting due its underlying generative nature [27].

September 22, 2009 DRAFT

Local metric learned from 50-NN 
tailored to specific expression and pose 
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How

    1) Learn Global metric with LMNN (more training data)
2) Learn Local metric with LDA (easier to regularize)

Hybrid learning of metric

Global LMNN Local LDA
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How

Conclusion: Global LMNN + local LDA exploits strengths of both
LMNN works well when trained on lots of data
LDA easier to regularize

LDA LMNN Hybrid
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65

70

75

80
MultiPIE

LDA LMNN Hybrid
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LDA LMNN Hybrid
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(novel algorithms in red)
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When

Interpolated metrics
Shift computational load of lazy algorithm off-line

Offline
Learn metrics at reference points
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When

Interpolated metrics
Shift computational load of lazy algorithm off-line

Offline
Learn metrics at reference points

Online
Interpolate metrics at test point
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Metric Learning Recognition Rate
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Conclusion: Interpolated metrics often perform similarly to online lazy-approaches, but are much faster.
Monday, November 14, 2011



Taxonomy

Where
Global

Per-Class
Per-Exemplar

Lazy
Line

When
Offline
Online
Interp

How
LDA

LMNN
Hybrid

Develop 
taxonomy

Introduce
algorithm

Benchmark 
evaluation

Monday, November 14, 2011



Where: Line integral distance

Anisotropic Voronoi diagramStraight line approx. of geodesic 
distance

Metric tensor is piecewise constant along line
One can compute transition points in polynomial time

Labelle & Shewchuk SOCG 03
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Line integral with hybrid 
metrics

Line integral better than Global but not as 
good as Lazy or Per-Class

Global PC PE Lazy Line
50

55

60

65

70

75

80
MultiPIE

Global PC PE Lazy Line
40

45

50

55

60

65

70
Caltech

Global PC PE Lazy Line
90

92

94

96

98

100
MNIST

Monday, November 14, 2011



Review of taxonomy
When
Offline
Online
Interp

Taxonomy of local distance functions based on 
how, where, and when they estimate metric tensor

Evaluation on 3 large-scale diverse datasets

Where
Global

Per-Class
Per-Exemplar

Lazy
Line

How
LDA

LMNN
Hybrid
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Conclusions

Overall, Lazy algorithms performed the best, but high run-time cost

Interpolation and Per-class also perform well with low run-time cost

Regularization in metric learning is open issue, making hybrid algorithms 
based on combined generative/discriminative approaches a good alternative

Take-home message: 
Local distance functions are useful!
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Can we make use of shared representations?

4

(a) (b) (c)

Fig. 1. Detections obtained with a single component person model. The model is defined by a coarse root filter (a), several

higher resolution part filters (b) and a spatial model for the location of each part relative to the root (c). The filters specify

weights for histogram of oriented gradients features. Their visualization show the positive weights at different orientations. The

visualization of the spatial models reflects the “cost” of placing the center of a part at different locations relative to the root.

To train models using partially labeled data we use a latent variable formulation of MI-SVM

[3] that we call latent SVM (LSVM). In a latent SVM each example x is scored by a function

of the following form,

fβ(x) = max
z∈Z(x)

β · Φ(x, z). (1)

Here β is a vector of model parameters, z are latent values, and Φ(x, z) is a feature vector.

In the case of one of our star models β is the concatenation of the root filter, the part filters,

and deformation cost weights, z is a specification of the object configuration, and Φ(x, z) is a

concatenation of subwindows from a feature pyramid and part deformation features.

We note that (1) can handle very general forms of latent information. For example, z could

specify a derivation under a rich visual grammar.

Our second class of models represents each object category by a mixture of star models.

The score of one of our mixture models at a given position and scale is the maximum over

components, of the score of that component model at the given location. In this case the latent

information, z, specifies a component label and a configuration for that component. Figure 2

shows a mixture model for the bicycle category.

To obtain high performance using discriminative training it is often important to use large

training sets. In the case of object detection the training problem is highly unbalanced because

there is vastly more background than objects. This motivates a process of searching through

the background to find a relatively small number of potential false positives. A methodology of
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[3] that we call latent SVM (LSVM). In a latent SVM each example x is scored by a function

of the following form,

fβ(x) = max
z∈Z(x)

β · Φ(x, z). (1)

Here β is a vector of model parameters, z are latent values, and Φ(x, z) is a feature vector.

In the case of one of our star models β is the concatenation of the root filter, the part filters,

and deformation cost weights, z is a specification of the object configuration, and Φ(x, z) is a

concatenation of subwindows from a feature pyramid and part deformation features.

We note that (1) can handle very general forms of latent information. For example, z could

specify a derivation under a rich visual grammar.

Our second class of models represents each object category by a mixture of star models.

The score of one of our mixture models at a given position and scale is the maximum over

components, of the score of that component model at the given location. In this case the latent

information, z, specifies a component label and a configuration for that component. Figure 2

shows a mixture model for the bicycle category.

To obtain high performance using discriminative training it is often important to use large

training sets. In the case of object detection the training problem is highly unbalanced because

there is vastly more background than objects. This motivates a process of searching through

the background to find a relatively small number of potential false positives. A methodology of
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is very dense with error rates around 1-2% making it hard to see any difference in performance.

(2) There is only one partition making it impossible to estimate confidence intervals. To rectify

these problems, we sub-sampled both the train and test data, in 10 batches of 1000 examples.

1) Candidate Pruning: Many of the algorithms in our taxonomy, though polynomial in space

and time, can still be computationally demanding. In all cases we apply a short-listing approach

similar to that used in previous work [1], [16], [38]. We first prune the large set of all candidate

matches (the training points) with a global metric. In Figure 6 we consider the effect of varying

the pruning threshold for three algorithms on the MultiPIE experiments. We find the recognition

performance of our algorithms to be stable over a large range. Based on this observation, we

use a constant pruning threshold of 20 candidates. These 20 candidates are then matched to the

test point using the various local algorithms.
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Fig. 6. We consider the effect of varying the pruning threshold on our evaluation methodology. We plot the recognition

rate obtained by Per-Class, Lazy, and the Interpolation algorithm for several different thresholds on the MultiPIE dataset. The

recognition rate achieved by all three algorithms is relatively stable for a wide range of thresholds. For large pruning thresholds,

the Lazy algorithm performs similar to a single Global metric since the local metric is learned from a large set of neighbors.

The best performance is obtained by pruning to 20-40 candidates. Because a shorter pruned list results in an overall speedup

across all algorithms that we consider, we fix the pruning threshold to 20 candidates in all experiments.

2) Indexing Structures: The pruning strategy just described above means that our algorithms

generally require two nearest-neighbor searches. The first search generates the short list of

candidates, while the second re-ranks the candidates to compute the final K-NN label. For

low to mid dimensional data, KD trees [5] and other indexing structures [17] are known to be

effective and enable enable fast search. In Figure 7 (left), we show that the relative performance

of the algorithms is unaffected by the use of a KD tree. In Figure 7 (right) we show that the

use of such a structure can dramatically reduce the computation time, although the effect is less
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for online algorithms such as “Test” that learn the metric during the classification phase. The

practical approach is therefore to use an indexing structure such as a KD tree for the first search

and a brute-force search for the second search (where building a index structure would be more

difficult or impossible due to the varying metrics that in some cases are only available online

at classification time.) The development of efficient indexing structures specially tuned for local

distance functions is left as an area for future work.
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Fig. 7. We consider the effect of efficient indexing structures on our evaluation methodology. Using the MultiPIE dataset, we

compare algorithms that vary along the “Where” dimension using a brute-force NN search versus a KD-tree based search. The

KD-tree is only used during the initial candidate pruning stage. As shown above, algorithms whose computationally requirements

are focused on the initial stage – such as Global or Per-Class – can see a significant speed up at the cost of a small decrease in

performance. However, some of the algorithms we consider spend more computational effort on the second stage of re-ranking,

making the efficiency of the initial indexing less prominent in the total computation time. An example is the Lazy algorithm that

learns a metric at test-time. For simplicity, we present all timing results using a brute-force linear scan across all our experiments.

B. Evaluation Measures and Results

We obtain a final classification for each algorithm by applying K-NN with K = 3 on the

re-ranked shortlisted neighbors of a test point. We computed a variety of evaluation measures.

In particular, we computed (1) recognition rates, (2) error rates, (3) percentage reduction in the

error rate from the global baseline, and (4) computation times. For each measure, we computed

both the average values and the standard deviations across the sets of test samples (10 for Multi-

PIE and MNIST, and 30 for Caltech 101.) In the appendix we include a set of tables containing

all of the recognition rate and computation time results. We include the full set of results for all

four measures of performance in a set of interactive webpages in the supplemental material.
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