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Abstract
We generalize the concept of the Voronoi path of a line to more general shapes and compute
the distortion constant, which describes how it changes volume on average. Although initially
asked for a Poisson point process, the distortion is a characteristic property of the space rather
than the point process. In other words, the constant ratio of the perimeter of a circle and its
pixelation—and the analogous ratios for spheres in three and higher dimensions— hold for all
smoothly embedded shapes on average.
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Introduction

Given a locally finite set A ⊆ Rd and a line segment, the Voronoi path of the line segment is
the dual of the Voronoi tessellation of A intersected with the segment. We generalize it to
the Voronoi scape: given A and a p-dimensional set Ω ⊆ Rd , we define it to be the dual of the
Voronoi tessellation A intersected with Ω. More formally, it consists of all Delaunay cells,
γ, whose dual Voronoi cells, γ ∗ , have a non-empty intersection with Ω. We are interested in
the distortion, which is the ratio of the p-dimensional volume of the Voronoi scape over the
volume of Ω.
Considering the Voronoi tessellation of a stationary Poisson point process and a line
segment in R2 , [2] proves that the expected distortion p
is π4 . Extending
√ this work to d > 2
dimensions, [5] proves that the expected distortion is 2d/π + O(1/ d). We remove the
ambiguity in this answer by proving that the expected distortion in Rd is d!!/(d − 1)!!, if d is
odd, and 2d!!/(π(d − 1)!!), if d is even, in which !! is the double factorial. Furthermore, we
generalize the result to any dimension and
 prove that for p-dimensional sets the expected
distortion is the binomial coefficient d/2
, in which non-integer parameters are understood
p/2
in the way the Gamma function extends the factorial:

Dp,d =

∗

d/2
p/2

Γ( d2 + 1)


=

Γ( p2

+

1) Γ( d−p
2

+ 1)

=




d!!
2
p!! (d−p)!! π

if d is even and p is odd,



d!!
p!! (d−p)!!

otherwise.

(1)
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The binomial interpretation also provides the asymptotics for Dp,d . Table 1 shows the
values for small dimensions. More precisely, we prove that (1) is the average distortion for
sufficiently regular p-dimensional sets and Voronoi tessellations. The claim for stationary
Poisson point processes follows because they are invariant under rotations and translations.
The proof is based on a decomposition of Rd × Grp,d that is related to the mixed complex
[6]. As a byproduct, we get an expression for the volumes of the cells in the mixed complex;
see Corollary 5.1.
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Table 1: The average resp. expected distortion in small dimensions. Note that even rows and
columns form the Pascal triangle.

Outline. Section 2 prepares the proof of our main result by computing the first and second
moments of the p-dimensional volume of the projection of a unit p-cube in Rd . Section 3
studies the space of point-direction pairs. Section 4 introduces a mild regularity condition
for Voronoi tessellations. Section 5 computes the volume of the cells in the mixed complex.
Section 6 proves that Dp,d is the average distortion for p-dimensional shapes in Rd . Section
7 applies the result to the Poisson case. Section 8 concludes the paper.
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Random Projections

We need some preliminary computations. Let Grp,d be the linear Grassmannian manifold,
whose points are the p-planes that pass through the origin of Rd . Given a p-dimensional
unit cube, E ⊆ Rd , and a p-plane, L ∈ Grp,d , we write E|L for the projection of the cube
onto the plane, and kE|L kp for its p-dimensional volume. The j-th projection moment is the
average j-th power of the volume of the projection. We express this moment as an integral
over the Grassmannian equipped with the uniform probability measure in (2) and convert
it to two equivalent expressions involving the angle to a fixed plane in (3) and (4):
Z
(j)
j
mp,d =
kE|L kp dL,
(2)
L∈Gr p,d

Z
=

cosj ϕ(L, L0 ) dL

(3)

L∈Gr p,d

Z
=
F ∈Stp,d

j

kF |L0 kp dF.

(4)
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To explain (3) and (4), we fix the plane L0 ∈ Grp,d containing E. The angle between two
p-planes, ϕ(L, L0 ) ∈ [0, π2 ], is defined as the arc-cosine of the ratio of kB|L kp over kBkp
for any compact set with non-empty interior, B ⊆ L0 . The angle is symmetric, so we can
instead consider the integrand in (3) as the projection of a unit p-cube in a random p-plane
onto L0 . Formally, we write Stp,d for the Stiefel manifold of orthonormal p-frames in Rd , we
identify a frame with the unit p-cube it spans, and we integrate using the uniform probability
measure of Stp,d to arrive at (4).
By construction, the 0-th projection moment is equal to 1, independent of p and d.
We compute the 1-st and 2-nd projection moments, which curiously both have intuitive
geometric interpretations.
I Lemma 2.1 (Projection Moments). Let d ≥ 0 and 0 ≤ p ≤ d. Then
(1)

(2)

mp,d

d−p+1
Γ( p+1
)
2 ) Γ(
2

,
Γ( 12 ) Γ( d+1
2 )
 
d
p! (d − p)!
= 1/
=
.
p
d!

mp,d =

(5)
(6)

Proof. The 1-st projection moment appears in the classic Crofton formula of integral geometry, which says that the volume of a convex body is proportional to the average volume
of its projections. The constant of proportionality given in (5) can be found in [9, Formula
(5.8)]. We use (4) together with a generalization of the Pythagorean theorem to compute
the 2-nd moment. By Pythagoras, the squared length of a line segment is the sum of squared
lengths of its projections onto the coordinate axes. The Cauchy–Binet formula [4, §4.6] can
be used to generalize this to the squared volume of a p-dimensional parallelepiped in Rd .
Let P be such a parallelepiped, and write Pi for its projection
onto the i-th coordinate

p-plane (in which the numbering is arbitrary). There are dp coordinate p-planes, and the
Cauchy–Binet formula asserts
X(dp)
2
2
kP kp =
kPi kp .
(7)
i=1

Letting P = F ∈ Stp,d be the uniformly random unit p-cube, we can take
 the expectation
on both sides of (7). We get 1 on the left-hand side and the sum of dp identical terms on
the right-hand
side. Hence, the average squared p-dimensional volume of the projection is

1/ dp , as claimed.

(1)

(2)

We set Dp,d = mp,d /mp,d and leave it to the reader to verify that this agrees with (1),
where Dp,d is given in terms of Gamma functions as well as double factorials.
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Tiling the Space of Point-Directions

We use the Delaunay mosaic to tile the space of point-direction pairs, Rd × Grp,d . Given a
Delaunay mosaic of a set A ⊆ Rd , denoted Del(A), consider a p-dimensional cell, γ ∈ Del(A),
and its dual (d−p)-dimensional Voronoi cell, γ ∗ ∈ Vor(A). We define the p-tile of γ to consist
of all pairs (x, L) ∈ Rd × Grp,d such that L + x has a non-empty intersection with γ ∗ , and
x lies in the projection of γ onto L + x:
J(γ, γ ∗ ) = {(x, L) ∈ Rd × Grp,d | x ∈ γ|L+x and (L + x) ∩ γ ∗ 6= ∅}.

(8)

The tiles decompose the space Rd × Grp,d in the sense that they cover the space of pointdirection pairs and their interiors are pairwise disjoint. Since the detailed analysis of the
boundaries is irrelevant for the current work, we only prove a weaker statement.

4

Average and Expected Distortion

I Lemma 3.1 (Uniqueness of Tile). Let A ⊆ Rd be locally finite with convA = Rd , and let
0 ≤ p ≤ d. Then for almost every point-direction pair, (x, L) ∈ Rd × Grp,d , there exists a
unique p-tile, J(γ, γ ∗ ), that contains (x, L).
Proof. Take any point-direction pair, (x, L). Assume without loss of generality that x = 0
is the origin and L = Rp is a coordinate p-plane in Rd . Map each point a ∈ A to the point
2
a0 = a|L ∈ Rp , and let a00 = −ka − a0 k ∈ R be its weight. The weighted points define a
weighted Voronoi tessellation and the corresponding weighted Delaunay mosaic; see e.g. [1].
The mosaic is generically a simplicial complex and generally a polyhedral complex, which
is geometrically realized in Rp by drawing each cell, γ, as the convex hull of the points that
generate the p-dimensional Voronoi cells sharing γ ∗ . Consider the cells in Vor(A) that have
a non-empty intersection with L, write VL (A) for the collection of dual cells in Del(A), and
observe that VL (A) is the Voronoi scape of L.
As proved in [10], the weighted Voronoi tessellation is the intersection of L with Vor(A)
and, by duality, the weighted Delaunay mosaic is the orthogonal projection of VL (A) to L.
If L and Del(A) are in general position, then all Delaunay cells in VL (A) project injectively
to L, and the cells of dimension less than p form a set of zero measure. If Del(A) covers Rd ,
then the weighted Delaunay mosaic covers Rp . Hence, for almost all point-direction pairs,
(x, L), there is a unique Delaunay p-cell γ, such that (x, L) ∈ J(γ, γ ∗ ), as claimed.

The proof of the lemma gives some insight into the motivation for choosing this particular
tiling of the space of point-direction pairs. We now compute the measure of a tile.

I Lemma 3.2 (Volume of Tile). The measure of J = J(γ, γ ∗ ) is kJk = kγkp kγ ∗ kd−p / dp .
Proof. The measure of the tile is the integral of 1 over its pairs. Setting x = y + z, in which
y ∈ L and z ∈ L⊥ , the integral is
Z
Z
Z
1(L+z)∩γ ∗ 6=∅ dz dy dL
(9)
kJk =
1y∈γ|L
L∈Gr p,d

z⊥L

y∈L

= kγkp kγ ∗ kd−p

Z

cos2 ϕ(L, γ) dL,

(10)

L∈Gr p,d

where we get (10) by noticing that the innermost integral in (9) is the (d − p)-dimensional
volume of the projection of γ ∗ to L⊥ , which is t kγ ∗ kd−p with t = cos ϕ(L, γ), and the middle
integral is the p-dimensional volume of the projection of γ to L, which is t kγkp . Using (3)
(2)

and (6), we see that integral in (10) is mp,d .



We take a closer look at the projection of a tile to Rd . Let (x, L) be a point-direction pair
in J = J(γ, γ ∗ ) with dim γ = p. There are points u ∈ γ and v ∈ γ ∗ such that x = u|L+x and
v = (L + x) ∩ γ ∗ . Because of the right angle between the direction and the projection, we
2
2
2
have kx − uk + kx − vk = ku − vk , so x lies on the smallest sphere that passes through
u and v. Indeed, u and v define a (d − 1)-dimensional set of point-direction pairs, and the
points of these pairs all lie on the mentioned sphere. Let z0 = z(γ, γ ∗ ) = aff γ ∩ aff γ ∗ and
observe that the sphere defined by u and v also passes through z0 . Let R0 = R(γ, γ ∗ ) be the
maximum distance between a point of γ and a point of γ ∗ and note that R0 is the radius
of every largest empty sphere that passes through the vertices of γ. Since the diameter of
the sphere spanned by u and v is ku − vk ≤ R0 , it follows that the ball with center z0 and
radius R0 contains this sphere. This implies an upper bound on the size of the projection
of the tile to Rd , which we state formally for later reference.
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I Lemma 3.3 (Projection of Tile). The projection of J = J(γ, γ ∗ ) to Rd is contained in the
closed ball with center z0 = z(γ, γ ∗ ) and radius R0 = R(γ, γ ∗ ).
It follows that the volume of the projection of the tile to Rd is at most R0d times the
volume of the unit ball in Rd . Since we assume the uniform probability measure on Grp,d ,
the same upper bound holds for the measure of the tile itself.
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Mixed Regularity

Taking the union of progressively more tiles, we eventually cover all of Rd × Grp,d . However,
at each step some of the points miss some of the directions, and which directions are covered
depends on the mosaic. For what follows, we require a mild regularity condition for this
tiling. For a set Ω ⊆ Rd we call a tile a boundary tile of Ω if its projection to Rd contains at
least one point inside and at least one point outside Ω.
I Definition 4.1 (Mixed Regularity). Let A ⊆ Rd be locally finite. We say that A has the
property of mixed regularity if, for any p, the total measure of the boundary p-tiles of a
d-ball of radius R centered at the origin is o(Rd ).
Note that convA = Rd is necessary for A to have the mixed regularity property. Indeed,
if convA does not cover Rd , then there exists an unbounded Voronoi cell and thus a tile with
infinite measure. Motivated by the analysis in Section 3, we give some sufficient conditions
for a set A ⊆ Rd to satisfy the mixed regularity property.
I Lemma 4.2 (Sufficient Conditions). A locally finite set A ⊆ Rd has the mixed regularity
property if one of the following holds:
1. The radii of all circumspheres of top-dimensional Delaunay cells are bounded.
2. Each ball in Rd of radius greater than R0 contains a point of A.
3. There is a function g(R) = o(R) such that every ball of radius g(R) that intersects the
d-ball of radius R centered at the origin contains at least one point of A.
Conditions 1 and 2 are equivalent, while the last one is weaker. We finish the section
with an application to Poisson point processes.
I Lemma 4.3 (Mixed Regularity in Expectation). A stationary Poisson point process A ⊆ Rd
satisfies the mixed regularity property in expectation; that is: the total expected measure of
the boundary tiles of a d-ball of radius R centered at the origin is o(Rd ).
Proof. For each boundary tile, its Delaunay cell (which is almost surely a simplex) is a
face of a top-dimensional Delaunay simplex whose circumsphere intersects the boundary of
the ball. In [7, Appendix A] it is proved that the total number of such spheres is o(Rd ).
A minor modification of that proof suffices to show that the total volume of these balls is
o(Rd ). Together with Lemma 3.3, this implies the claimed bound.
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Mixed Volume

Call kγkp kγ ∗ kd−p the mixed volume of a p-cell γ ∈ Del(A) and its dual (d − p)-cell γ ∗ ∈
Vor(A). We note that this concept is related to a particular decomposition of Rd , as we
now explain. Given A ⊆ Rd , the d-dimensional cells of the mixed complex defined in [6] are
translates of the products 21 γ × 21 γ ∗ . The d-dimensional volume of this cell is k 12 γ × 12 γ ∗ kd =
kγkp kγ ∗ kd−p /2d . As proved in [6], the cells in the mixed complex have pairwise disjoint
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interiors and they cover Rd . Assuming the mixed regularity property, this implies that,
up to a lower order term, the cells for p = 0 cover a fraction of 1/2d of the ball of radius
R centered at the origin. By symmetry, this is also true for p = d. We continue with a
generalization of these bounds to dimension p between 0 and d.
I Corollary 5.1 (Mixed Volumes). Let A ⊆ Rd have the mixed regularity property. For any
0 ≤ p ≤ d, the sum of the mixed
volumes over all p-dimensional Delaunay cells contained

in a ball of radius R is νd dp Rd + o(Rd ), in which νd is the volume of the unit ball in Rd .
Proof. Let B(R) be the ball with radius R centered at the origin. Set Bp (R) = B(R)×Grp,d ,
let Mp (R) be the smallest collection of p-tiles whose union contains Bp (R), and let ∂Mp (R)
be the boundary tiles of B(R). Clearly,
Mp (R) \ ∂Mp (R) ⊆ Bp (R) ⊆ Mp (R).

(11)

We note, that if a tile, J = J(γ, γ ∗ ), contains a point inside the ball, then either γ is inside
the ball, or J is a boundary tile. Indeed, for every point x ∈ γ \ B(R), there is a direction
∗
∗
L, such that L + x intersects
 γ , hence (x, L) ∈ J(γ, γ ). By Lemma 3.2, the measure of
d
∗
this tile is kγkp kγ kd−p / p and, by the mixed regularity property, the measures of the tiles
corresponding
to Delaunay cells inside the ball sum up to kB(R)kd (1 + o(1)). Multiplying

by dp concludes the proof.
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Recall that the Voronoi scape of a set Ω ⊆ Rd and a locally finite set A ⊆ Rd consists of all
Delaunay cells whose dual Voronoi cells have a non-empty intersection with Ω:
VΩ (A) = {γ ∈ Del(A) | Ω ∩ γ ∗ 6= ∅}.

(12)

We are ready to prove the main result of the paper.
I Theorem 6.1 (Voronoi Scapes of Flat Shapes). Let A ⊆ Rd have the mixed regularity
property, and let Ω be a p-dimensional rectifiable set contained a p-dimensional plane in Rd .
The average volume of VΩ (A) over all congruent copies of Ω inside the d-ball of radius R
centered at the origin is kΩkp (Dp,d + o(1)) as R goes to infinity.
Proof. By the Crofton formula, the total measure of the (d − p)-planes that intersect Ω is
(1)
kΩkp mp,d [9, Formula (5.7)]. Moving Ω instead of the planes, we see that the total measure of
congruent copies of Ω that have a non-empty intersection with a given (p − d)-dimensional
(1)
polytope γ ∗ is kγ ∗ kd−p kΩkp mp,d . Here we use that Ω is flat, which implies that almost
every congruent copy intersects γ ∗ in at most one point. A p-cell γ ∈ Del(A) belongs to the
Voronoi scape of a congruent copy Ω0 of Ω iff Ω0 ∩ γ ∗ is not empty, and we just computed
the total measure of such copies. The total contribution of γ to the p-volume of the Voronoi
(1)
scapes of the congruent copies of Ω is thus kγkp kγ ∗ kd−p kΩkp mp,d . We get the final result
by dividing the total contribution of the Delaunay cells inside the ball—which we compute
using Corollary 5.1—by the total measure of the congruent copies inside the ball:
(1)

(2)

kB(R)kd kΩkp mp,d /mp,d
kB(R)kd (1 + o(1))

= kΩkp (Dp,d + o(1)),

in which we use (5) and (6) to get the expression on the right.

(13)
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The proof of Theorem 6.1 makes use of the fact that Ω intersects almost every (d − p)polytope in at most one point, which is not true for general p-dimensional shapes. We
therefore refrain from making any claim for this more general case, and only give a limiting
theorem for the Poisson point process shortly.
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Expected Distortion

We finish with stating the answer to the original question that motivated the work reported
in this paper. We showed in Section 4 that the stationary Poisson point process has the
mixed regularity property in expectation, which allows us to repeat all results while adding
the expectation to all quantities. By the isometry invariance of the process, for any set
Ω, the expected volume of VΩ (A) does not depend on the position of Ω. Exchanging the
expectation and the average inside the ball of radius R centered at the origin and letting R
go to infinity, we arrive at probabilistic versions of Theorem 6.1.
I Theorem 7.1 (Expected Volume for Flat Shapes). Let A ⊆ Rd be a stationary Poisson point
process, and let Ω be a rectifiable set in a p-dimensional plane in Rd . Then the expected pdimensional volume of the Voronoi scape of Ω is Dp,d kΩkp .
For a non-flat p-dimensional set, we can get artifacts in the Voronoi scape. Consider
for example the unit circle in R2 . It is not difficult to prove that a sufficient small positive
constant bounding the gaps between the points in A from above implies a Voronoi scape
that has the homotopy type of the circle. In contrast, there is no such constant that would
imply the topology type of the circle [8]. Indeed, the circle may cross a Voronoi edge twice,
in which case the Voronoi scape has an edge sticking out, like a thorn of a cactus. This edge
and similar artifacts are caused by multiple local intersections between Ω and (d − p)-cells
in the Voronoi tessellation. This is the only apparent obstacle to extending Theorem 6.1:
the measure of congruent copies of a Voronoi cell, γ ∗ , intersecting Ω diverges slightly from
kγ ∗ kd−p times the number of intersection points. For a smoothly embedded p-manifold and
any fixed direction of γ ∗ , the divergence happens only around tangent (d − p)-planes in this
direction, which vanishes as we tighten the notion of locality, e.g. by increasing the intensity
of the Poisson point process. This implies an extension of Theorem 7.1 in the limit.
I Theorem 7.2 (Expected Volume for Smooth Shapes). Let A ⊆ Rd be a stationary Poisson
point process with intensity ρ > 0, and let Ω be a compact and smoothly embedded p-manifold
in Rd . Then the expected p-dimensional volume of the Voronoi scape of Ω goes to Dp,d kΩkp
as ρ goes to infinity.

8

Discussion

The main contribution of this paper is a complete analysis of the average and expected
distortion of p-dimensional Voronoi scapes in Rd , for 0 ≤ p ≤ d. For p = 1, these scapes
are known as Voronoi paths, for which the expected distortion has been studied but was
known only in R2 ; see [2]. A useful insight from our analysis is that the expected distortion
for a stationary Poisson point process is the average distortion of a general locally finite
point set. We make crucial use of this insight in the proof of our results. On the other
hand, the properties that make a mosaic a Delaunay mosaic are not used other than in the
quantification of the mixed regularity property for locally finite sets. Indeed, we only need
a pair of dual complexes in which dual cells are orthogonal to each other, a property that
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holds also for the generalizations of Voronoi tessellations and Delaunay mosaics to points
with real weights; see e.g. [1].
As a consequence of the expected distortion for planes, we get the expected p-dimensional
volume of the Voronoi scape of a smoothly embedded p-manifold in Rd . Can these results
be extended to other measures, such as notions of curvature, for example? The proof of
Theorem 6.1 suggests that this extension would require a detailed analysis of the Crofton
formula. Insights in this direction could be helpful in using the Voronoi scape to measure
otherwise difficult to measure shapes [3].
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