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Abstract. Since hybrid embedded systems are pervasive and often safetycritical, guarantees about their correct performance are desirable. The
hybrid systems model checker HyTech provides such guarantees and has
successfully veri ed some systems. However, HyTech severely restricts
the continuous dynamics of the system being analyzed and, therefore,
often forces the use of prohibitively expensive discrete and polyhedral
abstractions. We have designed a new algorithm, which is capable of directly verifying hybrid systems with general continuous dynamics, such
as linear and nonlinear di erential equations. The new algorithm conservatively overapproximates the reachable states of a hybrid automaton by using interval numerical methods. Interval numerical methods
return sets of points that enclose the true result of numerical computation and, thus, avoid distortions due to the accumulation of round-o
errors. We have implemented the new algorithm in a successor tool to
HyTech called HyperTech. We consider three examples: a thermostat
with delay, a two-tank water system, and an air-trac collision avoidance protocol. HyperTech enables the direct, fully automatic analysis
of these systems, which is also more accurate than the use of polyhedral
abstractions.

1 Introduction
In a hybrid system, digital controllers interact with a continuous environment.
Because of the increasing ubiquity of embedded real-time systems, hybrid systems directly control many of the devices in our daily lives. Moreover, hybrid
systems are often components of safety- or mission-critical systems. For these
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reasons, it is necessary to have rigorous guarantees about the correct performance of hybrid systems.
Hybrid automata [1] provide a modeling paradigm for hybrid systems. In a
hybrid automaton, the discrete state and dynamics are modeled by the vertices
(called locations ) and edges of a graph, respectively, and the continuous state
and dynamics are modeled by points in Rn and di erential equations, respectively. Symbolic model checking on a hybrid automaton provides correctness
guarantees. HyTech [10] is a model checker for hybrid systems that has been
successful in analyzing many hybrid systems of practical interest [2, 5, 13{16, 23,
26, 27].
Despite its successes, HyTech has several shortcomings. It restricts the dynamical model of the automaton being analyzed to that of linear hybrid automata. In linear hybrid automata, the continuous dynamics are governed by
polyhedral di erential inclusions, and all trajectories are composed of lines with
piecewise constant slopes. These limitations force the veri er to approximate
the complex dynamics of a hybrid system in a less expressive dynamical model.
This approximation may take the form of rate translation [11], in which the rst
derivative of every continuous variable is bounded above and below by constants.
Location splitting may be used to make the approximation arbitrarily accurate:
each location can be split into many new locations; in these new locations, the
dynamics may be bounded more precisely. However, location splitting leads to
state explosion, as accuracy in the model comes at the price of a large number
of new locations. Thus, the restrictive input language often forces the use of
prohibitively large approximate models.
A second de ciency of HyTech is that arithmetic over ows frequently occur
in the course of HyTech's computation. To explain this problem, we brie y describe the basic algorithm underlying HyTech. A state s of a hybrid automaton
has two types of successors: ow successors, which are the states reachable from
s by letting time progress; and jump successors, which are the states reachable
from s if the automaton undergoes a change of location. Call a set of states a polyhedral region if its continuous part is a polyhedron. For linear hybrid automata,
the ow and jump successors of a polyhedral region form again polyhedral regions. The computation engine of HyTech computes the set of states that can be
reached from an initial polyhedral region by any number of ows and jumps. The
iterated computation of ow and jump successors continues until either a target
state is reached or no new states are generated.1 The polyhedral manipulations
for computing ow and jump successors use exact computation over rationals
stored as integer pairs. However, these repeated computations quickly generate
rationals with very large representations, leading to arithmetic over ows.
We have implemented the program HyperTech, which addresses both inadequacies of HyTech. First, HyperTech supports the analysis of hybrid automata with much more general dynamics. In particular, HyperTech can analyze automata whose continuous dynamics are given by di erential equations of
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In general, the computation may fail to terminate, because the reachability problem
for linear hybrid automata is undecidable [1].
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the form dxi =dt = f (x1 ; : : : ; xn ), where f is a composition of polynomials, exponentials, and trigonometric functions. This class of hybrid systems includes all
multi-modal linear systems, i.e., systems whose continuous dynamics are given
by matrix di erential equations of the form dx=dt = Ax + B u (where u represents the control input or disturbance input). HyperTech's more permissive
input language enables a direct modeling of the continuous dynamics of hybrid
systems. Since the need for introducing abstractions (in the form of rate translation and location splitting) is removed, input automaton models can be much
more compact than with HyTech.
Second, HyperTech uses interval numerical methods [20, 22] to compute
an overapproximation of the set of reachable states of a hybrid automaton. In
interval methods, the computed solution to a numerical problem, e.g., an initial
value problem, is guaranteed to enclose the true solution. This is in contrast to
conventional numerical methods, in which the accumulation of round-o errors
may cause a computed solution to deviate from the real solution. The analysis
engine of HyperTech, like that of HyTech, starts with an initial region and
iteratively adds ow and jump successors. However, HyperTech uses an interval
ordinary di erential equation (ODE) solver, instead of polyhedral manipulations,
to compute an overapproximation of the ow successors of a set of states. It is the
use of interval numerical methods which guarantees that the reachable states of a
hybrid automaton H are contained in the set of states computed by HyperTech
when run on H . All regions resulting from interval methods are rectangular, i.e., a
product of intervals. Since geometrically manipulating rectangles is simpler than
manipulating arbitrary polyhedra, the internal representations of HyperTech's
rectangles never grow very large. In this way, HyperTech avoids the numeric
over ow errors of HyTech.
In essence, while the restrictive dynamics of HyTech force an approximation
in the model (static approximation ), the permissive dynamics of HyperTech
allow approximation to occur only during the computation of reachable states
(dynamic approximation ). Despite the fact that the dynamic approximation using rectangular regions seems rough, we demonstrate it to be superior to static
approximation using polyhedral di erential inclusions, on three examples: a thermostat with delay, a two-tank water system, and an air-trac collision avoidance
protocol.
In traditional numerical integration, the accumulation of round-o errors may
cause the computed solution to a numerical problem to di er widely from the real
solution. In the context of hybrid systems analysis, the loss of precision caused
by the accumulation of round-o errors in the numerical integration process may
lead the analyzer, whether human or computer, to overlook potentially hazardous
events. In contrast to hybrid systems simulators (see [21] for a survey) and reachset computation tools [3, 4, 6, 8, 26] which use traditional (not interval-based)
numerical methods, HyperTech is guaranteed not to miss any events. Thus,
if an unsafe (target) state of a hybrid automaton is reachable, HyperTech is
guaranteed to note its reachability.
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The rest of the paper is organized as follows. In Section 2, we describe the
syntax and semantics of the hybrid automaton model, and de ne the reachability problem. In Section 3, we describe in detail the algorithm implemented in
HyperTech. In Section 4, we describe the results of running HyperTech on
three examples, and compare the results with HyTech.

2 Hybrid automata
To model hybrid systems, we use hybrid automata [1]. Let Rn be the n-dimensional
Euclidean space. A rectangle of dimension n is a subset of Rn that is the Cartesian product of (possibly unbounded) intervals, all of whose nite endpoints are
rational. For a positive integer n, let Rn denote the set of all n-dimensional
rectangles. An axis-parallel hyperplane h  Rn is a set of points fx j xi = ag for
some i 2 f1; : : : ; ng and some rational number a. Let a dynamical equation be
an expression A generated by the grammar

A := (x_ 1 = B1 ^ x_ 2 = B2 ^    ^ x_ i = Bi ) ; B := xj j [a; b] j B1 op B2 j f (B )
where i and j are positive integers, a and b are any rational numbers such that
a  b, op is one of the arithmetic operations + (addition), ; (subtraction), 
(multiplication), = (division), or ^ (exponentiation), and f is one of the functions

sin, cos, tan, or exp. We shall use conventional mathematical notation for dynamical equations whenever possible,
and if a = p
b we shall often omit the square
p
braces. For example, x_ 1 = 21 x1 ; x22 ^ x_ 2 = x21 + x22 is a dynamical equation. For a positive integer n, let E n denote the set of all dynamical equations
in which for each subexpression of the form x_ i or xj , both i  n and j  n. The
above example of a dynamical equation is a member of E 2 .

2.1 Syntax. A hybrid automaton H consists of the following components:
{ A nite set X = fx ; : : : ; xn g of real-valued variables. A valuation of these
variables represents a continuous state of a hybrid system.
{ A nite directed multigraph (V; E ). The vertices in V (called control loca1

tions ) represent the discrete state of a hybrid system. The edges in E (control
switches ) represent transitions between discrete states.
{ Three functions inv : V ! Rn, init : V ! Rn , and ow : V ! E n .
Each invariant inv (v) represents a condition that must be satis ed if the
automaton is to remain in location v. Each initial condition init (v)  inv (v)
represents the continuous states in which the hybrid automaton may begin
executing, when control starts at location v. Each ow condition ow (v)
constrains the continuous dynamics of the hybrid system at location v.
{ Two functions pre : E ! Rn and post : E ! Rn . For each edge e = (v; v0 )
in E , we require that pre (e)  inv (v) and that post (e)  inv (v0 ). Intuitively,
pre (e) represents the condition on the continuous state that must hold if
control is to pass from v to v0 , and post (e) constrains the possible values of
the variables after the transfer of control from v to v0 .
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turn o

Fig.1. Thermostat with delay

{ A function update : E ! 2f ;:::;ng that assigns to each edge e = (v; v0 ) 2
E a subset update (e)  f1; : : : ; ng. After traversing e, if the index i is in
update (e), then the variable xi gets nondeterministically reset so as to lie
in the i-th projection of post (e), whereas if i 2= update (e), then xi remains
unchanged.
{ A nite set  of events, and a function event that assigns to each edge e 2 E
1

an event.
As an example, consider the hybrid automaton of Figure 1, which models a
thermostat system with delays: after the thermometer detects that the temperature is too low or too high, there may be a delay of up to one second before
the appropriate control action (turn the heater on or o , respectively) is taken.
The variable x1 measures the temperature. Initially, x1 = 2 and the heater is
on. The temperature rises according to the di erential equation x_ 1 = ;x1 + 4.
Eventually, the temperature reaches three degrees; after a delay of one second in
location delay1, the thermostat sends a turn o signal to the heater. The variable x2 measures the delay. The temperature then falls according to the equation
x_ 1 = ;x1 until x1 = 1. One second after the temperature reaches one degree, the
thermostat sends a turn on signal to the heater, and the run of the automaton
continues.

2.2 Semantics. We now give a formal de nition of the semantics of a hybrid
automaton. A state of a hybrid automaton is a pair (v; x), with location v 2 V ,
continuous state x 2 Rn, and x satisfying inv (v). The state space of a hybrid
automaton is the set of its states. If u 2 Rn is a vector, we denote by X := u
the interpretation for the variables in X in which xi = ui for i = 1; : : : ; n. A
hybrid automaton has two types of transitions:
{ Jump transitions, which correspond to instantaneous transitions between
control locations. Formally, there is a jump transition from state (v; x) to
5

state (v0 ; x0 ) if there is an edge e = (v; v0 ) 2 E with x satisfying pre (e), and
x0 satisfying post (e), and x0i = xi for i 2= update (e).
{ Flow transitions, which correspond to the continuous evolution of the system
at a single control location v according to the dynamics speci ed by ow (v).
Formally, there is a ow transition of duration t  0 from state (v; x) to
state (v; x0 ) if there is a di erentiable function f : [0; t] ! Rn such that:
(1) f (0) = x, f (t) = x0 ; (2) for all reals t0 2 [0; t], f (t0 ) 2 inv (v); and (3) for
all reals t0 2 [0; t], the interpretation X; X_ := f (t0 ); f_(t0 ) satis es ow (v).
We say that (v0 ; x0 ) is a ow (respectively jump ) successor of (v; x) if there is
a ow (respectively jump) transition from (v; x) to (v0 ; x0 ). A run of a hybrid
automaton is an in nite sequence of states (v0 ; x0 ); (v1 ; x1 ); : : : such that x0 2
init (v0 ), and for all i  0, (vi+1 ; xi+1 ) is a jump or ow successor of (vi ; xi ).

2.3 Reachability problem. The fundamental veri cation problem for hybrid
automata is safety veri cation : given a partition of the state space into \safe"
states and \unsafe" states, verify that each execution of the hybrid automaton
does not reach the unsafe states. Dually, one may look at the reachability question: does any run of the hybrid automaton ever reach an unsafe state? Formally,
given a hybrid automaton H and a subset S of its state space, the reachability
problem asks if there is a run (v0 ; x0 ); (v1 ; x1 ); : : : of H such that (vi ; xi ) 2 S for
some i. If there is such a run, we say that the set S is reachable. Clearly, a solution
to the reachability problem gives a solution to the safety veri cation problem as
well. The reachability problem is undecidable even for simple subclasses of hybrid
automata [12]. However, semidecision procedures |for example, the algorithm
of HyTech| often terminate on speci c problems of practical interest.

3 The HYPERTECH algorithm
3.1 Interval numerical methods. In numerical computations, such as the
numerical solution of ODEs, rounding errors may distort the accuracy of a sequence of calculations. Thus, ordinary numerical methods cannot provide fully
rigorous guarantees about the safety of dynamical systems. Interval numerical
methods [20] address this problem by computing sets of points that contain the
true solutions to a numerical problem. In particular, interval ODE solvers nd
guaranteed bounds for the solutions to initial value problems.
In interval methods, the fundamental object of computation is not a oating
point number, but rather an interval. An interval [x; x] is a nonempty set of
real numbers fx 2 R j x  x  xg, where x  x are both real numbers. One
can extend to intervals the usual arithmetic operations over reals: if op is an
arithmetic operation, then [x; x] op [y; y] = fx op y j x 2 [x; x]; y 2 [y; y]g.
The operations +; ;; ; and = on intervals may be seen to satisfy the following
6

identities:








[x; x] + y; y = x + y; x + y




[x; x] ; y; y = x ; y; x ; y




[x; x]  y; y = min(x  y; x  y; x  y; x  y); max(x  y; x  y; x  y; x  y)
1= [x; x] = [1=x; 1=x] if 0 2= [x; x]
A computer implementation of these operations sets the processor's rounding
mode to round down when computing the lower bound of the result, and round
up when computing the upper bound. This guarantees that the computed result
always encloses the result that would have been obtained using exact arithmetic
calculation. In a similar fashion, one can implement interval versions of standard
functions (e.g., sin x, ex , etc.) so that the computed result contains the exact
result. Several interval arithmetic packages exist, either as libraries [18] or as
extensions to regular programming languages [17].
Interval methods to solve initial value problems use as primitives the interval
operations +, ;, , and = de ned above, plus interval implementations of standard functions such as sine and cosine. From an initial condition (a rectangle
r0 at time 0), these methods usually compute a rough enclosure rt of the solution at time t, where t is an input parameter to the program. This rough
enclosure, which is a rectangle, is usually narrowed by a pruning procedure that
reduces the accumulation of numerical errors, and mitigates the wrapping e ect.
(The wrapping e ect is the error resulting from enclosing a nonrectangular region by a rectangle.) This iteration |computing xit using x(i;1)t by nding,
and then pruning, a rough enclosure at time it| continues for a number of
steps which is speci ed by another input parameter.
Several implementations of interval ODE solvers are publicly available, for
example [19, 24]. These typically use Picard iteration to prove the existence and
uniqueness of a solution, and to nd a rough enclosure. This enclosure is then
pruned both by using a mean value method and by bounding the error term in
a truncated Taylor expansion. To reduce the wrapping e ect, local coordinate
transforms may be applied. For a variety of examples, these implementations
nd fairly tight solution enclosures. In our implementation, we have used the
ADIODES library [24]. Our choice of this library is independent of the other
parts of HyperTech; thus, any other interval ODE solver, e.g., AWA [19], may
be used in place of ADIODES.

3.2 Overapproximating reachable states. For a complex hybrid automaton

H , precise analytic or closed-form descriptions of the reachable states of H may
not exist or may be extremely dicult to nd. In such cases, one must seek feasibly computable approximations of the reachable states. An overapproximation
of the reachable states of H is a superset T of the reachable states of H . For
analysis of the safety of a hybrid automaton, such an approximation may be
useful, since if no unsafe state is in T , then no unsafe state is reachable. However, since there may be states in T which are not reachable states of H , the
7

presence of an unsafe state in T does not necessarily imply that an unsafe state
of H is reachable. In such cases, one could try to re ne the automaton under
consideration.
Alternatively, one could compute overapproximations of the states which
are backward reachable from the intersection of T and the unsafe states. If no
initial state is contained in this backward approximation, then no unsafe state
is reachable. This process may be iterated to nd closer approximations of the
reachable unsafe states [7, 9]. It is an interesting question in its own right to
determine whether an error run produced by an overapproximative algorithm is
an actual error run.

3.3 Overapproximation using interval numerical methods. For a hybrid
automaton with discrete state set V and n real-valued variables, let a region
be a set of states of the form fvg  U , where
U is a rectangle in Rn. For any
S
control location v 2 V , let Hv be the set ffvg  pre (v; v0 ) j (v; v0 ) 2 E g. For
a rectangle U and a location v, let Ut;v be the points x0 2 Rn such that there
is a ow transition from (v; x) 2 U to (v; x0 ) of duration t. The procedure
of HyperTech, which is presented in Figure 2, works as follows. It maintains
two sets of regions: Reached , the explored set of regions, and Frontier , the set
of regions that still need to be explored. As long as Frontier 6= ;, one member
fvg  U of Frontier is selected and removed from Frontier . The rectangle U is
propagated according to the dynamics of v. An overapproximation of the set of
reachable states (v; x) is added to Reached , and an overapproximation of the set
of reachable states (v0 ; x) (with (v; v0 ) 2 E ) is added to Frontier .
The subroutine Propagate 1 rst computes Y , a rectangular overapproximation of Ut;v . HyperTech uses an interval ODE solver to compute this overapproximation. The size of t must be determinedS by the user. Let S be the set
of points reachable for some   t, i.e., S = 0 t U;v . In addition to
Y , the interval numerical method generates a rectangle T that contains the set
S . In the procedure, New -Reached gets set to an overapproximation of the set of
states in fvg  S . Moreover, New -Frontier gets set to an overapproximation of
the jump successors of states in fvg  S . Notice that for large values of t, this
bound on S may be quite coarse, and may not suce to prove the safety property of interest. In that case, we have to reduce t and run the procedure again.
Thus, whereas computations will be faster for larger values of t, more accurate
analysis may require smaller values. (This speed/accuracy tradeo is illustrated
in Figure 6.) We wish to emphasize that our procedure is sound regardless of
which t > 0 is chosen.
Theorem 1. Let H be a hybrid automaton, and let (v; x) be a reachable state of
H . If the procedure Reachable-States
(using subroutine Propagate ) terminates
S
on H , then (v; x) 2 Reached.
1

While Propagate 1 performs only one time step computation, under additional
assumptions it is possible to group together multiple time step computations.
The resulting procedure, called Propagate 2 , is shown in Figure 3. In order for
8

Reachable -States (H : hybrid automaton)
Initialization: Frontier := ffvg  init (v) j v 2 V g ;
Reached := Frontier ;
while Frontier 6= ; do
pick (fvg  U ) :2 Frontier ;
Frontier := Frontier n (fvg  U ) ;
(New -Reached ; New -Frontier ) := Propagate (v;U ) ;
Reached := Reached [ New -Reached ;
Frontier := Frontier [ New -Frontier ;
endwhile;
Propagate 1 (v : location, U : rectangle)
Y := a rectangular overapproximation of USt;v ;

T := a rectangle which contains inv (v) \ 0 t U;v ;
New -Reached := ffvg  T g ;
New -Frontier :=
(Unexplored -Jump -Successors (v;T )) [ (fvg  (inv(v) \ Y )) ;
return (New -Reached ; New -Frontier );
Unexplored -Jump -Successors (v : location, T : rectangle)
0
return ffv0g  Z j (v;v0) 2 E; Z = Update
S (T \ pre (v;v ));
0
Z 6= ;; (fv g  Z ) 6 Reached g ;

Fig. 2. HyperTech's procedure for reach-set computation
the subroutine Propagate 2 to function correctly, the hybrid automaton H must
satisfy the following conditions: (1) for each edge (v; v0 ) 2 E , the rectangle
pre (v; v0 ) is a boundary of the invariant inv (v); and (2) for each control location
v and each point x 2 inv (v), there exists a unique edge e = (v; v0 ) such that,
under the dynamics ow (v), the point x moves strictly monotonically towards
the hyperplane pre (v; v0 ), and x eventually crosses pre (v; v0 ). For a large class
of examples, including the hybrid automata in this paper, these two conditions
hold.
Note that the above conditions imply that transitions are urgent |they must
be taken as soon as they are enabled. Thus, Propagate 2 needs only to consider the
rst time a region hits one or more exit hyperplanes. The subroutine Propagate 2
functions like multiple iterations of Propagate 1 , except that at each iteration
those trajectories which have crossed an exit hyperplane are not further explored.
By the conditions above, this optimization does not compromise soundness |the
procedure of HyperTech still explores all reachable states.

Theorem 2. Let H be a hybrid automaton satisfying conditions (1) and (2)
above, and let (v; x) be a reachable state of H . If the procedure S
Reachable-States
(using subroutine Propagate ) terminates on H , then (v; x) 2 Reached.
2
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Propagate 2 (v : location, U : rectangle)
W := U ; New -Reached := New -Frontier := Wprev := T := P := ;;
while W 6= ; do
Wprev := W ;
W := a rectangular overapproximation ofWSt;v ;

T := a rectangle which contains inv (v) \ 0 t U;v ;
New -Reached := New -Reached [ ffvg  T g ;
P := the subset of W that has crossed Hv ;
W := W n P ;
if P 6= ; then New -Frontier :=
New -Frontier [ Unexplored -Jump -Successors (v;T ) endif;
endwhile;
return (New -Reached ; New -Frontier );

Fig. 3. Grouping together multiple time step computations

4 Three examples
With the use of interval methods, we obtain both a more direct model of the
target system (i.e., no rate translation needed) and tighter bounds on the sets of
reachable states. We substantiate this claim by describing the results of running
HyperTech on three examples.

4.1 Thermostat with delay. Consider again the hybrid automaton of Figure 1. We wish to determine the range within which the temperature always
lies. The nonlinear dynamics cannot be modeled directly in HyTech. Instead,
the dynamics of the temperature x are approximated using rate translation [11].
Using this method, the bounds obtained by HyTech are 0  x  4. This ap1

1

proximation may be made arbitrarily accurate by splitting each control location
and using better bounds on the derivatives in the new locations. By combining
rate translation with location splitting, and using a 20-location approximation
of the system, HyTech obtains the bounds 0:28  x1  3:76. This 20-location
automaton is pictured in Figure 4.
We can run our algorithm directly on the automaton of Figure 1, with a
step size of t = 0:1. Initially, x1 = 2, and the automaton is in location on.
Our algorithm propagates the values of x1 according to the di erential equation
x_ 1 = ;x1 + 4, until the interval containing the true value of x1 entirely crosses
the exit condition x1 = 3. At this point, there is a discrete jump to location
delay1 . Now our algorithm propagates the interval [3; 3] for one time unit. At
the end of one time unit, x1  3:64, and the automaton jumps to location o .
Continuing this process, our algorithm reports that the minimum value of x1
(which is reached in location delay2) is 0:367. Therefore, using HyperTech, the
bounds are 0:367  x1  3:64. The bounds found by analytically solving this
system are 1e  x1  4 ; 1e . Note that 1e  0:3679 and 4 ; 13  3:632. Comparing
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Fig. 5. Two-tank system
our results with the analytic solution shows that HyperTech computes a close
approximation to the actual set of reachable states.

4.2 Two-tank system. As a second example, we consider the two-tank system
of [25] (see Figure 5). The plant consists of two identical interconnected tanks.
Into tank 1 ows a stream characterized by the loss parameter k1 .2 Tank 1's outlet stream, characterized by the loss parameter k2 , ows into tank 2. Tank 1's
outlet stream is k3 meters above tank 2. The outlet stream of tank 2 is characterized by loss parameter k4 . Let x1 and x2 denote the heights of the liquid
columns in tank 1 and tank 2. Applying Toricelli's law, the dynamics of this
system may be seen to be:
8
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This loss parameter may be thought of as a friction loss term.
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Fig. 6. A portion of the generated rectangles for the two-tank system at times it,
for i = 0; 1; 2; : : : . HyperTech's actual computed overapproximation is the union of
all rectangular hulls of pairs of consecutive rectangles. The horizontal (resp. vertical)
axis shows the values of x1 (resp. x2 ). From the left: t = 5, running time: 24.27 s.;
t = 2, running time: 53.39 s.; t = 1, running time: 98.60 s.; and t = 0:5, running
time: 190.64 s.

The dynamical equations change when the liquid level in tank 2 is equal to the
height of the connecting pipe. Under this dynamics, the system moves towards an
equilibrium point forpall xi > 0 and for all ki > 0. For example, for the parameter
values k2 = k4 = 1 meters per second, k3 = 0:5 meters, and k1 = 0:75 meters
per second, the system moves towards the equilibrium point x1 = 0:625 : : : , x2 =
0:563 : : : . In [25], rate approximation is used to model this dynamical system
as a 12-location hybrid automaton; HyTech is then used to overapproximate
which states were reachable. With HyperTech, we directly model the system
as a hybrid automaton with two states, corresponding to whether x2 > k3 or
not. Further, the analysis is more accurate. For example, HyTech's analysis
of the 12-location rate approximation nds that starting from 0:70  x1 
0:80 and 0:45  x2  0:50, some states in which both 0:60  x1  0:80 and
0:60  x2  0:65 are reachable, whereas our algorithm shows that these states
are unreachable. In Figure 6, we show a part of the overapproximation of the
reachable states of the two-tank system, for four di erent choices of the time
step t, with the corresponding running times. The running times are obtained
on a Sun SPARCstation-20.

4.3 Air-trac con ict resolution. As a nal example, consider an air-trac
4
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Fig. 7. Aircraft collision avoidance protocol
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con ict resolution system from [26] (see Figure 7). Two aircraft y towards each
other at a xed altitude and 90 degree relative orientation. When the distance
between the aircraft decreases to seven miles, they initiate an avoidance maneuver: each turns 90 degrees to its right, and starts following a half circle. After
the half circle is complete, each again turns 90 degrees to its right to continue
on the original heading along a straight path.
We model this protocol directly as a three-location hybrid automaton with
the original kinematics. In contrast, the protocol would need to be approximated
in HyTech in order to be veri ed. Our model works in a relative coordinate
system, so that xr and yr give the position of airplane 2 relative to airplane 1, and
r gives the angular orientation of airplane 2 relative to airplane 1. In relative
coordinates, the kinematic equations of this system are
x_ r = ;v1 + v2 cos r + !1yr ; y_r = v2 sin r ; !1 xr ; _ r = !1 ; !2 ; (2)
where v1 (respectively v2 ) is the airspeed of airplane 1 (respectively airplane 2)
and !1 (respectively !2 ) is the angular velocity of airplane 1 (respectively airplane 2). Our automaton has three locations: cruise1, avoid, and cruise2. In location cruise1 the airplanes follow straight-line trajectories, with airspeeds v1
and v2 in the range [:8; 1]. When the distance between the airplanes decreases to
seven miles, the control location changes to avoid. On changing to location avoid,
the heading of each aircraft decreases instantaneously by 2 radians. In location
avoid, !1 = !2 = 1 and v1 = v2 = 1, so that both airplanes follow circular
trajectories of the same radius at the same airspeed. When the airplanes have
completed their half-circles, the location changes to cruise2. Again the heading of
each aircraft decreases instantaneously by 2 radians, and the airplanes continue
in straight-line trajectories, with airspeeds v1 and v2 as in location cruise1. Using
this model, we are able to verify in HyperTech that the two airplanes never
come within ve nautical miles of each other.
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